
PTHash 
Revisiting FCH Minimal Perfect Hashing

Giulio Ermanno Pibiri
Ca’ Foscari University of Venice and ISTI-CNR

@giulio_pibiri

@jermp

Data Structures in Bioinformatics (DSB)

Düsseldorf, Germany, 13-14 June 2022



Minimal Perfect Hashing
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Given a set  of  distinct keys, a function  that bijectively maps the keys of  into the 
range  is called a minimal perfect hash function (MPHF) for . 

S n f S
{0,…, n − 1} S

• Lower bound of  bits/key [Mehlhorn, 1982] 
— in practice: 2-4 bits/key and constant time evaluation.


• Many known practical algorithms:

log2 e ≈ 1.44

    - FCH [Fox et al., 1992] 
    - CHD [Belazzougui et al., 2009] 
    - EMPHF [Belazzougui et al., 2014] 
    - GOV [Genuzio et al., 2016] 
    - BBHash [Limasset et al., 2017] 
    - RecSplit [Esposito et al., 2019] 
    - PTHash [P. and Trani, 2021]



Applications

• Reserved words in programming languages.


• Garbage collectors.


• Command names in interactive systems.


• Lexicon of inverted indexes.


• Indexing of q-grams for language models.


• Indexing of k-mers of DNA.


• Web page URLs: DNS, page ranking, ecc.

Space-efficient and fast retrieval of key, value  pairs from a static set.⟨ ⟩

Some examples:
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<latexit sha1_base64="jFBZwhbsD8bt1Kq9Wq7pBE6DlY4=">AAACAHicbVC7TsMwFHV4lvIqMLJYVEhMVVIhYKxgYSyCPqQ2qhzHaa3aTmTfIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLBDbjut7Oyura+sVnYKm7v7O7tlw4OmyZONWUNGotYtwNimOCKNYCDYO1EMyIDwVrB8CbzW49MGx6rBxglzJekr3jEKQEr3Yc9t1cquxV3CrxMvJyUUY56r/TTDWOaSqaACmJMx3MT8MdEA6eCTYrd1LCE0CHps46likhm/PH01Ak+tUqIo1jbpwBP1b8dYyKNGcnAVkoCA7PoZeJ/XieF6Mofc5WkwBSdLYpSgSHG2b9xyDWjIEaWEKq5vRXTAdGEgk1nbks2OwH5NCnaaLzFIJZJs1rxLirVu/Ny7ToPqYCO0Qk6Qx66RDV0i+qogSjqoxf0it6cZ+fd+XA+Z6UrTt5zhObgfP0CmVaXAA==</latexit>

d0
<latexit sha1_base64="cTBUoUfAgAYyCmR015ExIlrhdyQ=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIcp7VqO5HtIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxagdYU84kbRhmOG0nimIRcNoKhjeZ33qkSrNYPphRQn2B+5JFjGBjpfuw5/VKZbfiToGWiZeTMuSo90o/3TAmqaDSEI617nhuYvwxVoYRTifFbqppgskQ92nHUokF1f54euoEnVolRFGs7JMGTdW/HWMstB6JwFYKbAZ60cvE/7xOaqIrf8xkkhoqyWxRlHJkYpT9G4VMUWL4yBJMFLO3IjLAChNj05nbks1OjHiaFG003mIQy6RZrXgXlerdebl2nYdUgGM4gTPw4BJqcAt1aACBPrzAK7w5z8678+F8zkpXnLznCObgfP0CmvCXAQ==</latexit>

d1
<latexit sha1_base64="MdeRV7JfFlrQJOcqXUOlIBZpTqY=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIct7VqO5HtIKqoCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCWLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeZ33qkSrNIPphxTH2BB5L1GcHGSvdhr9orld2KOwVaJl5OypCj3iv9dMOIJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10euoEnVolRP1I2ScNmqp/O1IstB6LwFYKbIZ60cvE/7xOYvpXfspknBgqyWxRP+HIRCj7NwqZosTwsSWYKGZvRWSIFSbGpjO3JZsdG/E0KdpovMUglkmzWvEuKtW783LtOg+pAMdwAmfgwSXU4Bbq0AACA3iBV3hznp1358P5nJWuOHnPEczB+foFnIqXAg==</latexit>

d2
<latexit sha1_base64="IVj7OzceLr4E+iGCVR1dT6GO5k0=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiqpKCgLGChbEI+pDaqHIcp7XqOJF9g6iiLuys8AtsiJU/4Q/4DJw2A205kqWjc+7Lx4sF12Db31ZhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6nhEM8ElawIHwTqxYiT0BGt7o5vMbz8ypXkkH2AcMzckA8kDTgkY6d7vn/XLFbtqT4GXiZOTCsrR6Jd/en5Ek5BJoIJo3XXsGNyUKOBUsEmpl2gWEzoiA9Y1VJKQaTednjrBJ0bxcRAp8yTgqfq3IyWh1uPQM5UhgaFe9DLxP6+bQHDlplzGCTBJZ4uCRGCIcPZv7HPFKIixIYQqbm7FdEgUoWDSmduSzY4hfJqUTDTOYhDLpFWrOhfV2t15pX6dh1RER+gYnSIHXaI6ukUN1EQUDdALekVv1rP1bn1Yn7PSgpX3HKI5WF+/niSXAw==</latexit>

d3

FCH Construction

• Distribute keys into  buckets using a random hash function  
and compute a displacement  for bucket  such that 

, and no collisions occur.


• Use  buckets for  keys 
and a given parameter .


• One memory access per lookup.

m h
di i

f(x) = (h(x) + di) mod n

m = ⌈cn/log2 n⌉ n
c

Fox, Chen, and Heath, 1992
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<latexit sha1_base64="jFBZwhbsD8bt1Kq9Wq7pBE6DlY4=">AAACAHicbVC7TsMwFHV4lvIqMLJYVEhMVVIhYKxgYSyCPqQ2qhzHaa3aTmTfIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLBDbjut7Oyura+sVnYKm7v7O7tlw4OmyZONWUNGotYtwNimOCKNYCDYO1EMyIDwVrB8CbzW49MGx6rBxglzJekr3jEKQEr3Yc9t1cquxV3CrxMvJyUUY56r/TTDWOaSqaACmJMx3MT8MdEA6eCTYrd1LCE0CHps46likhm/PH01Ak+tUqIo1jbpwBP1b8dYyKNGcnAVkoCA7PoZeJ/XieF6Mofc5WkwBSdLYpSgSHG2b9xyDWjIEaWEKq5vRXTAdGEgk1nbks2OwH5NCnaaLzFIJZJs1rxLirVu/Ny7ToPqYCO0Qk6Qx66RDV0i+qogSjqoxf0it6cZ+fd+XA+Z6UrTt5zhObgfP0CmVaXAA==</latexit>

d0
<latexit sha1_base64="cTBUoUfAgAYyCmR015ExIlrhdyQ=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIcp7VqO5HtIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxagdYU84kbRhmOG0nimIRcNoKhjeZ33qkSrNYPphRQn2B+5JFjGBjpfuw5/VKZbfiToGWiZeTMuSo90o/3TAmqaDSEI617nhuYvwxVoYRTifFbqppgskQ92nHUokF1f54euoEnVolRFGs7JMGTdW/HWMstB6JwFYKbAZ60cvE/7xOaqIrf8xkkhoqyWxRlHJkYpT9G4VMUWL4yBJMFLO3IjLAChNj05nbks1OjHiaFG003mIQy6RZrXgXlerdebl2nYdUgGM4gTPw4BJqcAt1aACBPrzAK7w5z8678+F8zkpXnLznCObgfP0CmvCXAQ==</latexit>

d1
<latexit sha1_base64="MdeRV7JfFlrQJOcqXUOlIBZpTqY=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIct7VqO5HtIKqoCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCWLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeZ33qkSrNIPphxTH2BB5L1GcHGSvdhr9orld2KOwVaJl5OypCj3iv9dMOIJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10euoEnVolRP1I2ScNmqp/O1IstB6LwFYKbIZ60cvE/7xOYvpXfspknBgqyWxRP+HIRCj7NwqZosTwsSWYKGZvRWSIFSbGpjO3JZsdG/E0KdpovMUglkmzWvEuKtW783LtOg+pAMdwAmfgwSXU4Bbq0AACA3iBV3hznp1358P5nJWuOHnPEczB+foFnIqXAg==</latexit>

d2
<latexit sha1_base64="IVj7OzceLr4E+iGCVR1dT6GO5k0=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiqpKCgLGChbEI+pDaqHIcp7XqOJF9g6iiLuys8AtsiJU/4Q/4DJw2A205kqWjc+7Lx4sF12Db31ZhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6nhEM8ElawIHwTqxYiT0BGt7o5vMbz8ypXkkH2AcMzckA8kDTgkY6d7vn/XLFbtqT4GXiZOTCsrR6Jd/en5Ek5BJoIJo3XXsGNyUKOBUsEmpl2gWEzoiA9Y1VJKQaTednjrBJ0bxcRAp8yTgqfq3IyWh1uPQM5UhgaFe9DLxP6+bQHDlplzGCTBJZ4uCRGCIcPZv7HPFKIixIYQqbm7FdEgUoWDSmduSzY4hfJqUTDTOYhDLpFWrOhfV2t15pX6dh1RER+gYnSIHXaI6ukUN1EQUDdALekVv1rP1bn1Yn7PSgpX3HKI5WF+/niSXAw==</latexit>

d3

FCH Construction — Search

How to compute displacements?
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<latexit sha1_base64="jFBZwhbsD8bt1Kq9Wq7pBE6DlY4=">AAACAHicbVC7TsMwFHV4lvIqMLJYVEhMVVIhYKxgYSyCPqQ2qhzHaa3aTmTfIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLBDbjut7Oyura+sVnYKm7v7O7tlw4OmyZONWUNGotYtwNimOCKNYCDYO1EMyIDwVrB8CbzW49MGx6rBxglzJekr3jEKQEr3Yc9t1cquxV3CrxMvJyUUY56r/TTDWOaSqaACmJMx3MT8MdEA6eCTYrd1LCE0CHps46likhm/PH01Ak+tUqIo1jbpwBP1b8dYyKNGcnAVkoCA7PoZeJ/XieF6Mofc5WkwBSdLYpSgSHG2b9xyDWjIEaWEKq5vRXTAdGEgk1nbks2OwH5NCnaaLzFIJZJs1rxLirVu/Ny7ToPqYCO0Qk6Qx66RDV0i+qogSjqoxf0it6cZ+fd+XA+Z6UrTt5zhObgfP0CmVaXAA==</latexit>

d0
<latexit sha1_base64="cTBUoUfAgAYyCmR015ExIlrhdyQ=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIcp7VqO5HtIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxagdYU84kbRhmOG0nimIRcNoKhjeZ33qkSrNYPphRQn2B+5JFjGBjpfuw5/VKZbfiToGWiZeTMuSo90o/3TAmqaDSEI617nhuYvwxVoYRTifFbqppgskQ92nHUokF1f54euoEnVolRFGs7JMGTdW/HWMstB6JwFYKbAZ60cvE/7xOaqIrf8xkkhoqyWxRlHJkYpT9G4VMUWL4yBJMFLO3IjLAChNj05nbks1OjHiaFG003mIQy6RZrXgXlerdebl2nYdUgGM4gTPw4BJqcAt1aACBPrzAK7w5z8678+F8zkpXnLznCObgfP0CmvCXAQ==</latexit>

d1
<latexit sha1_base64="MdeRV7JfFlrQJOcqXUOlIBZpTqY=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIct7VqO5HtIKqoCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCWLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeZ33qkSrNIPphxTH2BB5L1GcHGSvdhr9orld2KOwVaJl5OypCj3iv9dMOIJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10euoEnVolRP1I2ScNmqp/O1IstB6LwFYKbIZ60cvE/7xOYvpXfspknBgqyWxRP+HIRCj7NwqZosTwsSWYKGZvRWSIFSbGpjO3JZsdG/E0KdpovMUglkmzWvEuKtW783LtOg+pAMdwAmfgwSXU4Bbq0AACA3iBV3hznp1358P5nJWuOHnPEczB+foFnIqXAg==</latexit>

d2
<latexit sha1_base64="IVj7OzceLr4E+iGCVR1dT6GO5k0=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiqpKCgLGChbEI+pDaqHIcp7XqOJF9g6iiLuys8AtsiJU/4Q/4DJw2A205kqWjc+7Lx4sF12Db31ZhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6nhEM8ElawIHwTqxYiT0BGt7o5vMbz8ypXkkH2AcMzckA8kDTgkY6d7vn/XLFbtqT4GXiZOTCsrR6Jd/en5Ek5BJoIJo3XXsGNyUKOBUsEmpl2gWEzoiA9Y1VJKQaTednjrBJ0bxcRAp8yTgqfq3IyWh1uPQM5UhgaFe9DLxP6+bQHDlplzGCTBJZ4uCRGCIcPZv7HPFKIixIYQqbm7FdEgUoWDSmduSzY4hfJqUTDTOYhDLpFWrOhfV2t15pX6dh1RER+gYnSIHXaI6ukUN1EQUDdALekVv1rP1bn1Yn7PSgpX3HKI5WF+/niSXAw==</latexit>

d3

FCH Construction — Search

How to compute displacements?

0 1 2 3 4 5 6

<latexit sha1_base64="wZcxkHEF+WaPO25e+ML0BxKh+e4=">AAACBHicbVDLSgMxFM34rPVVdekmWARXZaaIuhGKblxWsA9oh5LJZNrQJDMkd8RSunXvVn/Bnbj1P/wDP8NMOwvbeiBwOOe+coJEcAOu++2srK6tb2wWtorbO7t7+6WDw6aJU01Zg8Yi1u2AGCa4Yg3gIFg70YzIQLBWMLzN/NYj04bH6gFGCfMl6SsecUrASq2w5+Fr7PZKZbfiToGXiZeTMspR75V+umFMU8kUUEGM6XhuAv6YaOBUsEmxmxqWEDokfdaxVBHJjD+enjvBp1YJcRRr+xTgqfq3Y0ykMSMZ2EpJYGAWvUz8z+ukEF35Y66SFJiis0VRKjDEOPs7DrlmFMTIEkI1t7diOiCaULAJzW3JZicgnyZFG423GMQyaVYr3kWlen9ert3kIRXQMTpBZ8hDl6iG7lAdNRBFQ/SCXtGb8+y8Ox/O56x0xcl7jtAcnK9fSO6X1g==</latexit>

d1 = 0
<latexit sha1_base64="ZEgW84do0g4ph1ybZC0vOwo1oJ8=">AAACAnicbVDLSsNAFL3xWeur6tLNYBFclaSIuhGKblxWMG2hDWUymbRDZ5IwMxFL6M69W/0Fd+LWH/EP/AwnbRa29cDA4Zz7muMnnClt29/Wyura+sZmaau8vbO7t185OGypOJWEuiTmsez4WFHOIupqpjntJJJi4XPa9ke3ud9+pFKxOHrQ44R6Ag8iFjKCtZHcoO9cO/1K1a7ZU6Bl4hSkCgWa/cpPL4hJKmikCcdKdR070V6GpWaE00m5lyqaYDLCA9o1NMKCKi+bHjtBp0YJUBhL8yKNpurfjgwLpcbCN5UC66Fa9HLxP6+b6vDKy1iUpJpGZLYoTDnSMcp/jgImKdF8bAgmkplbERliiYk2+cxtyWcnWjxNyiYaZzGIZdKq15yLWv3+vNq4KUIqwTGcwBk4cAkNuIMmuECAwQu8wpv1bL1bH9bnrHTFKnqOYA7W1y+XTpeD</latexit>

d1 = 1
<latexit sha1_base64="x8jt9rxyzinwuOhE4hirtZM87Ps=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSlJE3QhFNy4rmLbQhjKZTNqhM0mYuRFL6M69W/0Fd+LWH/EP/AwnbRa29cDA4Zz7muMngmuw7W9rZXVtfWOztFXe3tnd268cHLZ0nCrKXBqLWHV8opngEXOBg2CdRDEifcHa/ug299uPTGkeRw8wTpgnySDiIacEjOQGfee63q9U7Zo9BV4mTkGqqECzX/npBTFNJYuACqJ117ET8DKigFPBJuVeqllC6IgMWNfQiEimvWx67ASfGiXAYazMiwBP1b8dGZFaj6VvKiWBoV70cvE/r5tCeOVlPEpSYBGdLQpTgSHG+c9xwBWjIMaGEKq4uRXTIVGEgslnbks+OwH5NCmbaJzFIJZJq15zLmr1+/Nq46YIqYSO0Qk6Qw66RA10h5rIRRRx9IJe0Zv1bL1bH9bnrHTFKnqO0Bysr1+Y6JeE</latexit>

d1 = 2
<latexit sha1_base64="g7+ZqFHlDtwK9mhTqr8oHyDBWKs=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRV1I1QdOOygn1AG8pkMmmHTiZhZiKW0J17t/oL7sStP+If+BlO2ixs64GBwzn3NceLOVPatr+twsrq2vpGcbO0tb2zu1feP2ipKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdZn77kUrFIvGgxzF1QzwQLGAEayM1/b5zfdYvV+yqPQVaJk5OKpCj0S//9PyIJCEVmnCsVNexY+2mWGpGOJ2UeomiMSYjPKBdQwUOqXLT6bETdGIUHwWRNE9oNFX/dqQ4VGoceqYyxHqoFr1M/M/rJjq4clMm4kRTQWaLgoQjHaHs58hnkhLNx4ZgIpm5FZEhlphok8/clmx2rMOnSclE4ywGsUxatapzUa3dn1fqN3lIRTiCYzgFBy6hDnfQgCYQYPACr/BmPVvv1of1OSstWHnPIczB+voFmoKXhQ==</latexit>

d1 = 3
<latexit sha1_base64="s/OoRYAzrgD1f78KdHvBbcsXXmQ=">AAACAnicbVDLTsJAFJ3iC/GFunTTSExckZYQdWNCdOMSEwsk0JDpdAoTZqbNzK2REHbu3eovuDNu/RH/wM9wCl0IeJJJTs65rzlBwpkGx/m2CmvrG5tbxe3Szu7e/kH58Kil41QR6pGYx6oTYE05k9QDBpx2EkWxCDhtB6PbzG8/UqVZLB9gnFBf4IFkESMYjOSFffe63i9XnKozg71K3JxUUI5mv/zTC2OSCiqBcKx113US8CdYASOcTku9VNMEkxEe0K6hEguq/cns2Kl9ZpTQjmJlngR7pv7tmGCh9VgEplJgGOplLxP/87opRFf+hMkkBSrJfFGUchtiO/u5HTJFCfCxIZgoZm61yRArTMDks7Alm52AeJqWTDTuchCrpFWruhfV2n290rjJQyqiE3SKzpGLLlED3aEm8hBBDL2gV/RmPVvv1of1OS8tWHnPMVqA9fULnByXhg==</latexit>

d1 = 4
<latexit sha1_base64="nCdFPqjf41ocHiNLE6eCdmFSOAs=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiTF10YounFZwT6gDWUymbRDJ5MwMxFL6M69W/0Fd+LWH/EP/AwnbRa29cDA4Zz7muPFnClt299WYWV1bX2juFna2t7Z3SvvH7RUlEhCmyTikex4WFHOBG1qpjntxJLi0OO07Y1uM7/9SKVikXjQ45i6IR4IFjCCtZGaft+5Pu+XK3bVngItEycnFcjR6Jd/en5EkpAKTThWquvYsXZTLDUjnE5KvUTRGJMRHtCuoQKHVLnp9NgJOjGKj4JImic0mqp/O1IcKjUOPVMZYj1Ui14m/ud1Ex1cuSkTcaKpILNFQcKRjlD2c+QzSYnmY0MwkczcisgQS0y0yWduSzY71uHTpGSicRaDWCatWtW5qNbuzyr1mzykIhzBMZyCA5dQhztoQBMIMHiBV3iznq1368P6nJUWrLznEOZgff0CnbaXhw==</latexit>

d1 = 5
<latexit sha1_base64="T9uZz/HkbGriLud+Lm89MajCkQE=">AAACAnicbVDLTsJAFL3FF+ILdelmIjFxRVpi0I0J0Y1LTCyQQEOm0ylMmGmbmamREHbu3eovuDNu/RH/wM9wCl0IeJJJTs65rzl+wpnStv1tFdbWNza3itulnd29/YPy4VFLxakk1CUxj2XHx4pyFlFXM81pJ5EUC5/Ttj+6zfz2I5WKxdGDHifUE3gQsZARrI3kBn3nut4vV+yqPQNaJU5OKpCj2S//9IKYpIJGmnCsVNexE+1NsNSMcDot9VJFE0xGeEC7hkZYUOVNZsdO0ZlRAhTG0rxIo5n6t2OChVJj4ZtKgfVQLXuZ+J/XTXV45U1YlKSaRmS+KEw50jHKfo4CJinRfGwIJpKZWxEZYomJNvksbMlmJ1o8TUsmGmc5iFXSqlWderV2f1Fp3OQhFeEETuEcHLiEBtxBE1wgwOAFXuHNerberQ/rc15asPKeY1iA9fULn1CXiA==</latexit>

d1 = 6

f(x) = (h(x) + di) mod n
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<latexit sha1_base64="jFBZwhbsD8bt1Kq9Wq7pBE6DlY4=">AAACAHicbVC7TsMwFHV4lvIqMLJYVEhMVVIhYKxgYSyCPqQ2qhzHaa3aTmTfIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLBDbjut7Oyura+sVnYKm7v7O7tlw4OmyZONWUNGotYtwNimOCKNYCDYO1EMyIDwVrB8CbzW49MGx6rBxglzJekr3jEKQEr3Yc9t1cquxV3CrxMvJyUUY56r/TTDWOaSqaACmJMx3MT8MdEA6eCTYrd1LCE0CHps46likhm/PH01Ak+tUqIo1jbpwBP1b8dYyKNGcnAVkoCA7PoZeJ/XieF6Mofc5WkwBSdLYpSgSHG2b9xyDWjIEaWEKq5vRXTAdGEgk1nbks2OwH5NCnaaLzFIJZJs1rxLirVu/Ny7ToPqYCO0Qk6Qx66RDV0i+qogSjqoxf0it6cZ+fd+XA+Z6UrTt5zhObgfP0CmVaXAA==</latexit>

d0
<latexit sha1_base64="cTBUoUfAgAYyCmR015ExIlrhdyQ=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIcp7VqO5HtIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxagdYU84kbRhmOG0nimIRcNoKhjeZ33qkSrNYPphRQn2B+5JFjGBjpfuw5/VKZbfiToGWiZeTMuSo90o/3TAmqaDSEI617nhuYvwxVoYRTifFbqppgskQ92nHUokF1f54euoEnVolRFGs7JMGTdW/HWMstB6JwFYKbAZ60cvE/7xOaqIrf8xkkhoqyWxRlHJkYpT9G4VMUWL4yBJMFLO3IjLAChNj05nbks1OjHiaFG003mIQy6RZrXgXlerdebl2nYdUgGM4gTPw4BJqcAt1aACBPrzAK7w5z8678+F8zkpXnLznCObgfP0CmvCXAQ==</latexit>

d1
<latexit sha1_base64="MdeRV7JfFlrQJOcqXUOlIBZpTqY=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIct7VqO5HtIKqoCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCWLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeZ33qkSrNIPphxTH2BB5L1GcHGSvdhr9orld2KOwVaJl5OypCj3iv9dMOIJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10euoEnVolRP1I2ScNmqp/O1IstB6LwFYKbIZ60cvE/7xOYvpXfspknBgqyWxRP+HIRCj7NwqZosTwsSWYKGZvRWSIFSbGpjO3JZsdG/E0KdpovMUglkmzWvEuKtW783LtOg+pAMdwAmfgwSXU4Bbq0AACA3iBV3hznp1358P5nJWuOHnPEczB+foFnIqXAg==</latexit>

d2
<latexit sha1_base64="IVj7OzceLr4E+iGCVR1dT6GO5k0=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiqpKCgLGChbEI+pDaqHIcp7XqOJF9g6iiLuys8AtsiJU/4Q/4DJw2A205kqWjc+7Lx4sF12Db31ZhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6nhEM8ElawIHwTqxYiT0BGt7o5vMbz8ypXkkH2AcMzckA8kDTgkY6d7vn/XLFbtqT4GXiZOTCsrR6Jd/en5Ek5BJoIJo3XXsGNyUKOBUsEmpl2gWEzoiA9Y1VJKQaTednjrBJ0bxcRAp8yTgqfq3IyWh1uPQM5UhgaFe9DLxP6+bQHDlplzGCTBJZ4uCRGCIcPZv7HPFKIixIYQqbm7FdEgUoWDSmduSzY4hfJqUTDTOYhDLpFWrOhfV2t15pX6dh1RER+gYnSIHXaI6ukUN1EQUDdALekVv1rP1bn1Yn7PSgpX3HKI5WF+/niSXAw==</latexit>

d3

FCH Construction — Search

How to compute displacements?
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<latexit sha1_base64="wZcxkHEF+WaPO25e+ML0BxKh+e4=">AAACBHicbVDLSgMxFM34rPVVdekmWARXZaaIuhGKblxWsA9oh5LJZNrQJDMkd8RSunXvVn/Bnbj1P/wDP8NMOwvbeiBwOOe+coJEcAOu++2srK6tb2wWtorbO7t7+6WDw6aJU01Zg8Yi1u2AGCa4Yg3gIFg70YzIQLBWMLzN/NYj04bH6gFGCfMl6SsecUrASq2w5+Fr7PZKZbfiToGXiZeTMspR75V+umFMU8kUUEGM6XhuAv6YaOBUsEmxmxqWEDokfdaxVBHJjD+enjvBp1YJcRRr+xTgqfq3Y0ykMSMZ2EpJYGAWvUz8z+ukEF35Y66SFJiis0VRKjDEOPs7DrlmFMTIEkI1t7diOiCaULAJzW3JZicgnyZFG423GMQyaVYr3kWlen9ert3kIRXQMTpBZ8hDl6iG7lAdNRBFQ/SCXtGb8+y8Ox/O56x0xcl7jtAcnK9fSO6X1g==</latexit>

d1 = 0
<latexit sha1_base64="ZEgW84do0g4ph1ybZC0vOwo1oJ8=">AAACAnicbVDLSsNAFL3xWeur6tLNYBFclaSIuhGKblxWMG2hDWUymbRDZ5IwMxFL6M69W/0Fd+LWH/EP/AwnbRa29cDA4Zz7muMnnClt29/Wyura+sZmaau8vbO7t185OGypOJWEuiTmsez4WFHOIupqpjntJJJi4XPa9ke3ud9+pFKxOHrQ44R6Ag8iFjKCtZHcoO9cO/1K1a7ZU6Bl4hSkCgWa/cpPL4hJKmikCcdKdR070V6GpWaE00m5lyqaYDLCA9o1NMKCKi+bHjtBp0YJUBhL8yKNpurfjgwLpcbCN5UC66Fa9HLxP6+b6vDKy1iUpJpGZLYoTDnSMcp/jgImKdF8bAgmkplbERliiYk2+cxtyWcnWjxNyiYaZzGIZdKq15yLWv3+vNq4KUIqwTGcwBk4cAkNuIMmuECAwQu8wpv1bL1bH9bnrHTFKnqOYA7W1y+XTpeD</latexit>

d1 = 1
<latexit sha1_base64="x8jt9rxyzinwuOhE4hirtZM87Ps=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSlJE3QhFNy4rmLbQhjKZTNqhM0mYuRFL6M69W/0Fd+LWH/EP/AwnbRa29cDA4Zz7muMngmuw7W9rZXVtfWOztFXe3tnd268cHLZ0nCrKXBqLWHV8opngEXOBg2CdRDEifcHa/ug299uPTGkeRw8wTpgnySDiIacEjOQGfee63q9U7Zo9BV4mTkGqqECzX/npBTFNJYuACqJ117ET8DKigFPBJuVeqllC6IgMWNfQiEimvWx67ASfGiXAYazMiwBP1b8dGZFaj6VvKiWBoV70cvE/r5tCeOVlPEpSYBGdLQpTgSHG+c9xwBWjIMaGEKq4uRXTIVGEgslnbks+OwH5NCmbaJzFIJZJq15zLmr1+/Nq46YIqYSO0Qk6Qw66RA10h5rIRRRx9IJe0Zv1bL1bH9bnrHTFKnqO0Bysr1+Y6JeE</latexit>

d1 = 2
<latexit sha1_base64="g7+ZqFHlDtwK9mhTqr8oHyDBWKs=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRV1I1QdOOygn1AG8pkMmmHTiZhZiKW0J17t/oL7sStP+If+BlO2ixs64GBwzn3NceLOVPatr+twsrq2vpGcbO0tb2zu1feP2ipKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdZn77kUrFIvGgxzF1QzwQLGAEayM1/b5zfdYvV+yqPQVaJk5OKpCj0S//9PyIJCEVmnCsVNexY+2mWGpGOJ2UeomiMSYjPKBdQwUOqXLT6bETdGIUHwWRNE9oNFX/dqQ4VGoceqYyxHqoFr1M/M/rJjq4clMm4kRTQWaLgoQjHaHs58hnkhLNx4ZgIpm5FZEhlphok8/clmx2rMOnSclE4ywGsUxatapzUa3dn1fqN3lIRTiCYzgFBy6hDnfQgCYQYPACr/BmPVvv1of1OSstWHnPIczB+voFmoKXhQ==</latexit>

d1 = 3
<latexit sha1_base64="s/OoRYAzrgD1f78KdHvBbcsXXmQ=">AAACAnicbVDLTsJAFJ3iC/GFunTTSExckZYQdWNCdOMSEwsk0JDpdAoTZqbNzK2REHbu3eovuDNu/RH/wM9wCl0IeJJJTs65rzlBwpkGx/m2CmvrG5tbxe3Szu7e/kH58Kil41QR6pGYx6oTYE05k9QDBpx2EkWxCDhtB6PbzG8/UqVZLB9gnFBf4IFkESMYjOSFffe63i9XnKozg71K3JxUUI5mv/zTC2OSCiqBcKx113US8CdYASOcTku9VNMEkxEe0K6hEguq/cns2Kl9ZpTQjmJlngR7pv7tmGCh9VgEplJgGOplLxP/87opRFf+hMkkBSrJfFGUchtiO/u5HTJFCfCxIZgoZm61yRArTMDks7Alm52AeJqWTDTuchCrpFWruhfV2n290rjJQyqiE3SKzpGLLlED3aEm8hBBDL2gV/RmPVvv1of1OS8tWHnPMVqA9fULnByXhg==</latexit>

d1 = 4
<latexit sha1_base64="nCdFPqjf41ocHiNLE6eCdmFSOAs=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiTF10YounFZwT6gDWUymbRDJ5MwMxFL6M69W/0Fd+LWH/EP/AwnbRa29cDA4Zz7muPFnClt299WYWV1bX2juFna2t7Z3SvvH7RUlEhCmyTikex4WFHOBG1qpjntxJLi0OO07Y1uM7/9SKVikXjQ45i6IR4IFjCCtZGaft+5Pu+XK3bVngItEycnFcjR6Jd/en5EkpAKTThWquvYsXZTLDUjnE5KvUTRGJMRHtCuoQKHVLnp9NgJOjGKj4JImic0mqp/O1IcKjUOPVMZYj1Ui14m/ud1Ex1cuSkTcaKpILNFQcKRjlD2c+QzSYnmY0MwkczcisgQS0y0yWduSzY71uHTpGSicRaDWCatWtW5qNbuzyr1mzykIhzBMZyCA5dQhztoQBMIMHiBV3iznq1368P6nJUWrLznEOZgff0CnbaXhw==</latexit>

d1 = 5
<latexit sha1_base64="T9uZz/HkbGriLud+Lm89MajCkQE=">AAACAnicbVDLTsJAFL3FF+ILdelmIjFxRVpi0I0J0Y1LTCyQQEOm0ylMmGmbmamREHbu3eovuDNu/RH/wM9wCl0IeJJJTs65rzl+wpnStv1tFdbWNza3itulnd29/YPy4VFLxakk1CUxj2XHx4pyFlFXM81pJ5EUC5/Ttj+6zfz2I5WKxdGDHifUE3gQsZARrI3kBn3nut4vV+yqPQNaJU5OKpCj2S//9IKYpIJGmnCsVNexE+1NsNSMcDot9VJFE0xGeEC7hkZYUOVNZsdO0ZlRAhTG0rxIo5n6t2OChVJj4ZtKgfVQLXuZ+J/XTXV45U1YlKSaRmS+KEw50jHKfo4CJinRfGwIJpKZWxEZYomJNvksbMlmJ1o8TUsmGmc5iFXSqlWderV2f1Fp3OQhFeEETuEcHLiEBtxBE1wgwOAFXuHNerberQ/rc15asPKeY1iA9fULn1CXiA==</latexit>

d1 = 6

f(x) = (h(x) + di) mod n

5
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<latexit sha1_base64="2i2njevtLC7dOwa2BIhDegi6bL4=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRV1I1QdOOygn1AG8pkMmmHTiZhZiKW0J17t/oL7sStP+If+BlO2ixs64GBwzn3NceLOVPatr+twsrq2vpGcbO0tb2zu1feP2ipKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdZn77kUrFIvGgxzF1QzwQLGAEayM1/f7Ztd0vV+yqPQVaJk5OKpCj0S//9PyIJCEVmnCsVNexY+2mWGpGOJ2UeomiMSYjPKBdQwUOqXLT6bETdGIUHwWRNE9oNFX/dqQ4VGoceqYyxHqoFr1M/M/rJjq4clMm4kRTQWaLgoQjHaHs58hnkhLNx4ZgIpm5FZEhlphok8/clmx2rMOnSclE4ywGsUxatapzUa3dn1fqN3lIRTiCYzgFBy6hDnfQgCYQYPACr/BmPVvv1of1OSstWHnPIczB+voFmOyXhA==</latexit>

d3 = 0
<latexit sha1_base64="uFitxLYKzbkS1e/+n7QZ48Ua8Js=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRV1I1QdOOygn1AG8pkMmmHTiZhZiKW0J17t/oL7sStP+If+BlO2ixs64GBwzn3NceLOVPatr+twsrq2vpGcbO0tb2zu1feP2ipKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdZn77kUrFIvGgxzF1QzwQLGAEayM1/f7ZtdMvV+yqPQVaJk5OKpCj0S//9PyIJCEVmnCsVNexY+2mWGpGOJ2UeomiMSYjPKBdQwUOqXLT6bETdGIUHwWRNE9oNFX/dqQ4VGoceqYyxHqoFr1M/M/rJjq4clMm4kRTQWaLgoQjHaHs58hnkhLNx4ZgIpm5FZEhlphok8/clmx2rMOnSclE4ywGsUxatapzUa3dn1fqN3lIRTiCYzgFBy6hDnfQgCYQYPACr/BmPVvv1of1OSstWHnPIczB+voFmoaXhQ==</latexit>

d3 = 1
<latexit sha1_base64="2RwD1p2hT0lT764SU7GlJIIx9tY=">AAACAnicbVDLTsJAFL3FF+ILdelmIjFxRVo06saE6MYlJhZIoCHT6RQmTKfNzNRICDv3bvUX3Bm3/oh/4Gc4hS4EPMkkJ+fc1xw/4Uxp2/62Ciura+sbxc3S1vbO7l55/6Cp4lQS6pKYx7LtY0U5E9TVTHPaTiTFkc9pyx/eZn7rkUrFYvGgRwn1ItwXLGQEayO5Qe/sutYrV+yqPQVaJk5OKpCj0Sv/dIOYpBEVmnCsVMexE+2NsdSMcDopdVNFE0yGuE87hgocUeWNp8dO0IlRAhTG0jyh0VT92zHGkVKjyDeVEdYDtehl4n9eJ9XhlTdmIkk1FWS2KEw50jHKfo4CJinRfGQIJpKZWxEZYImJNvnMbclmJzp6mpRMNM5iEMukWas6F9Xa/XmlfpOHVIQjOIZTcOAS6nAHDXCBAIMXeIU369l6tz6sz1lpwcp7DmEO1tcvnCCXhg==</latexit>

d3 = 2
<latexit sha1_base64="OB3+H6Lf4imOCLAd8iwn8mOlqhw=">AAACAnicbVDLTsJAFL31ifhCXbqZSExckRaMujEhunGJiQUSaMh0OoUJM20zMzWShp17t/oL7oxbf8Q/8DMcoAsBTzLJyTn3NcdPOFPatr+tldW19Y3NwlZxe2d3b790cNhUcSoJdUnMY9n2saKcRdTVTHPaTiTFwue05Q9vJ37rkUrF4uhBjxLqCdyPWMgI1kZyg17tutYrle2KPQVaJk5OypCj0Sv9dIOYpIJGmnCsVMexE+1lWGpGOB0Xu6miCSZD3KcdQyMsqPKy6bFjdGqUAIWxNC/SaKr+7ciwUGokfFMpsB6oRW8i/ud1Uh1eeRmLklTTiMwWhSlHOkaTn6OASUo0HxmCiWTmVkQGWGKiTT5zWyazEy2exkUTjbMYxDJpVivORaV6f16u3+QhFeAYTuAMHLiEOtxBA1wgwOAFXuHNerberQ/rc1a6YuU9RzAH6+sXnbqXhw==</latexit>

d3 = 3
<latexit sha1_base64="nAigv0rncr+O+iC7AAh3kTOUt14=">AAACAnicbVDLTsJAFJ3iC/GFunQzkZi4Ii0SdWNCdOMSE4sk0JDpdAoTptNm5tZIGnbu3eovuDNu/RH/wM9wgC4EPMkkJ+fc1xw/EVyDbX9bhZXVtfWN4mZpa3tnd6+8f9DScaooc2ksYtX2iWaCS+YCB8HaiWIk8gV78Ic3E//hkSnNY3kPo4R5EelLHnJKwEhu0Du7qvfKFbtqT4GXiZOTCsrR7JV/ukFM04hJoIJo3XHsBLyMKOBUsHGpm2qWEDokfdYxVJKIaS+bHjvGJ0YJcBgr8yTgqfq3IyOR1qPIN5URgYFe9Cbif14nhfDSy7hMUmCSzhaFqcAQ48nPccAVoyBGhhCquLkV0wFRhILJZ27LZHYC0dO4ZKJxFoNYJq1a1Tmv1u7qlcZ1HlIRHaFjdIocdIEa6BY1kYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fn1SXiA==</latexit>

d3 = 4
<latexit sha1_base64="PaTofcYxDGo1hh9vPaWOykbYNXM=">AAACAnicbVC7TsMwFHV4lvIqMLJEVEhMVVKeC1IFC2ORSFupjSrHcVqrthPZN4iq6sbOCr/Ahlj5Ef6Az8BpM9CWI1k6Oue+fIKEMw2O820tLa+srq0XNoqbW9s7u6W9/YaOU0WoR2Ieq1aANeVMUg8YcNpKFMUi4LQZDG4zv/lIlWaxfIBhQn2Be5JFjGAwkhd2T6/Pu6WyU3EmsBeJm5MyylHvln46YUxSQSUQjrVuu04C/ggrYITTcbGTappgMsA92jZUYkG1P5ocO7aPjRLaUazMk2BP1L8dIyy0HorAVAoMfT3vZeJ/XjuF6MofMZmkQCWZLopSbkNsZz+3Q6YoAT40BBPFzK026WOFCZh8ZrZksxMQT+OiicadD2KRNKoV96JSvT8r127ykAroEB2hE+SiS1RDd6iOPEQQQy/oFb1Zz9a79WF9TkuXrLznAM3A+voFoO6XiQ==</latexit>

d3 = 5
<latexit sha1_base64="1fF7CK5mRgAo0RPnhoTq975xnYE=">AAACAnicbVDLTsJAFJ3iC/GFunQzkZi4Ii0adGNCdOMSE4sk0JDpdAoTptNm5tZIGnbu3eovuDNu/RH/wM9wgC4EPMkkJ+fc1xw/EVyDbX9bhZXVtfWN4mZpa3tnd6+8f9DScaooc2ksYtX2iWaCS+YCB8HaiWIk8gV78Ic3E//hkSnNY3kPo4R5EelLHnJKwEhu0Du7qvfKFbtqT4GXiZOTCsrR7JV/ukFM04hJoIJo3XHsBLyMKOBUsHGpm2qWEDokfdYxVJKIaS+bHjvGJ0YJcBgr8yTgqfq3IyOR1qPIN5URgYFe9Cbif14nhfDSy7hMUmCSzhaFqcAQ48nPccAVoyBGhhCquLkV0wFRhILJZ27LZHYC0dO4ZKJxFoNYJq1a1alXa3fnlcZ1HlIRHaFjdIocdIEa6BY1kYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fooiXig==</latexit>

d3 = 6

sigir

tkde

toisspe

wsdmcsur

icde

<latexit sha1_base64="jFBZwhbsD8bt1Kq9Wq7pBE6DlY4=">AAACAHicbVC7TsMwFHV4lvIqMLJYVEhMVVIhYKxgYSyCPqQ2qhzHaa3aTmTfIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLBDbjut7Oyura+sVnYKm7v7O7tlw4OmyZONWUNGotYtwNimOCKNYCDYO1EMyIDwVrB8CbzW49MGx6rBxglzJekr3jEKQEr3Yc9t1cquxV3CrxMvJyUUY56r/TTDWOaSqaACmJMx3MT8MdEA6eCTYrd1LCE0CHps46likhm/PH01Ak+tUqIo1jbpwBP1b8dYyKNGcnAVkoCA7PoZeJ/XieF6Mofc5WkwBSdLYpSgSHG2b9xyDWjIEaWEKq5vRXTAdGEgk1nbks2OwH5NCnaaLzFIJZJs1rxLirVu/Ny7ToPqYCO0Qk6Qx66RDV0i+qogSjqoxf0it6cZ+fd+XA+Z6UrTt5zhObgfP0CmVaXAA==</latexit>

d0
<latexit sha1_base64="cTBUoUfAgAYyCmR015ExIlrhdyQ=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIcp7VqO5HtIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxagdYU84kbRhmOG0nimIRcNoKhjeZ33qkSrNYPphRQn2B+5JFjGBjpfuw5/VKZbfiToGWiZeTMuSo90o/3TAmqaDSEI617nhuYvwxVoYRTifFbqppgskQ92nHUokF1f54euoEnVolRFGs7JMGTdW/HWMstB6JwFYKbAZ60cvE/7xOaqIrf8xkkhoqyWxRlHJkYpT9G4VMUWL4yBJMFLO3IjLAChNj05nbks1OjHiaFG003mIQy6RZrXgXlerdebl2nYdUgGM4gTPw4BJqcAt1aACBPrzAK7w5z8678+F8zkpXnLznCObgfP0CmvCXAQ==</latexit>

d1
<latexit sha1_base64="MdeRV7JfFlrQJOcqXUOlIBZpTqY=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIct7VqO5HtIKqoCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCWLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeZ33qkSrNIPphxTH2BB5L1GcHGSvdhr9orld2KOwVaJl5OypCj3iv9dMOIJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10euoEnVolRP1I2ScNmqp/O1IstB6LwFYKbIZ60cvE/7xOYvpXfspknBgqyWxRP+HIRCj7NwqZosTwsSWYKGZvRWSIFSbGpjO3JZsdG/E0KdpovMUglkmzWvEuKtW783LtOg+pAMdwAmfgwSXU4Bbq0AACA3iBV3hznp1358P5nJWuOHnPEczB+foFnIqXAg==</latexit>

d2
<latexit sha1_base64="IVj7OzceLr4E+iGCVR1dT6GO5k0=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiqpKCgLGChbEI+pDaqHIcp7XqOJF9g6iiLuys8AtsiJU/4Q/4DJw2A205kqWjc+7Lx4sF12Db31ZhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6nhEM8ElawIHwTqxYiT0BGt7o5vMbz8ypXkkH2AcMzckA8kDTgkY6d7vn/XLFbtqT4GXiZOTCsrR6Jd/en5Ek5BJoIJo3XXsGNyUKOBUsEmpl2gWEzoiA9Y1VJKQaTednjrBJ0bxcRAp8yTgqfq3IyWh1uPQM5UhgaFe9DLxP6+bQHDlplzGCTBJZ4uCRGCIcPZv7HPFKIixIYQqbm7FdEgUoWDSmduSzY4hfJqUTDTOYhDLpFWrOhfV2t15pX6dh1RER+gYnSIHXaI6ukUN1EQUDdALekVv1rP1bn1Yn7PSgpX3HKI5WF+/niSXAw==</latexit>

d3

5

FCH Construction — Search

How to compute displacements? f(x) = (h(x) + di) mod n



0 1 2 3 4 5 6

<latexit sha1_base64="2i2njevtLC7dOwa2BIhDegi6bL4=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRV1I1QdOOygn1AG8pkMmmHTiZhZiKW0J17t/oL7sStP+If+BlO2ixs64GBwzn3NceLOVPatr+twsrq2vpGcbO0tb2zu1feP2ipKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdZn77kUrFIvGgxzF1QzwQLGAEayM1/f7Ztd0vV+yqPQVaJk5OKpCj0S//9PyIJCEVmnCsVNexY+2mWGpGOJ2UeomiMSYjPKBdQwUOqXLT6bETdGIUHwWRNE9oNFX/dqQ4VGoceqYyxHqoFr1M/M/rJjq4clMm4kRTQWaLgoQjHaHs58hnkhLNx4ZgIpm5FZEhlphok8/clmx2rMOnSclE4ywGsUxatapzUa3dn1fqN3lIRTiCYzgFBy6hDnfQgCYQYPACr/BmPVvv1of1OSstWHnPIczB+voFmOyXhA==</latexit>

d3 = 0
<latexit sha1_base64="uFitxLYKzbkS1e/+n7QZ48Ua8Js=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRV1I1QdOOygn1AG8pkMmmHTiZhZiKW0J17t/oL7sStP+If+BlO2ixs64GBwzn3NceLOVPatr+twsrq2vpGcbO0tb2zu1feP2ipKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdZn77kUrFIvGgxzF1QzwQLGAEayM1/f7ZtdMvV+yqPQVaJk5OKpCj0S//9PyIJCEVmnCsVNexY+2mWGpGOJ2UeomiMSYjPKBdQwUOqXLT6bETdGIUHwWRNE9oNFX/dqQ4VGoceqYyxHqoFr1M/M/rJjq4clMm4kRTQWaLgoQjHaHs58hnkhLNx4ZgIpm5FZEhlphok8/clmx2rMOnSclE4ywGsUxatapzUa3dn1fqN3lIRTiCYzgFBy6hDnfQgCYQYPACr/BmPVvv1of1OSstWHnPIczB+voFmoaXhQ==</latexit>

d3 = 1
<latexit sha1_base64="2RwD1p2hT0lT764SU7GlJIIx9tY=">AAACAnicbVDLTsJAFL3FF+ILdelmIjFxRVo06saE6MYlJhZIoCHT6RQmTKfNzNRICDv3bvUX3Bm3/oh/4Gc4hS4EPMkkJ+fc1xw/4Uxp2/62Ciura+sbxc3S1vbO7l55/6Cp4lQS6pKYx7LtY0U5E9TVTHPaTiTFkc9pyx/eZn7rkUrFYvGgRwn1ItwXLGQEayO5Qe/sutYrV+yqPQVaJk5OKpCj0Sv/dIOYpBEVmnCsVMexE+2NsdSMcDopdVNFE0yGuE87hgocUeWNp8dO0IlRAhTG0jyh0VT92zHGkVKjyDeVEdYDtehl4n9eJ9XhlTdmIkk1FWS2KEw50jHKfo4CJinRfGQIJpKZWxEZYImJNvnMbclmJzp6mpRMNM5iEMukWas6F9Xa/XmlfpOHVIQjOIZTcOAS6nAHDXCBAIMXeIU369l6tz6sz1lpwcp7DmEO1tcvnCCXhg==</latexit>

d3 = 2
<latexit sha1_base64="OB3+H6Lf4imOCLAd8iwn8mOlqhw=">AAACAnicbVDLTsJAFL31ifhCXbqZSExckRaMujEhunGJiQUSaMh0OoUJM20zMzWShp17t/oL7oxbf8Q/8DMcoAsBTzLJyTn3NcdPOFPatr+tldW19Y3NwlZxe2d3b790cNhUcSoJdUnMY9n2saKcRdTVTHPaTiTFwue05Q9vJ37rkUrF4uhBjxLqCdyPWMgI1kZyg17tutYrle2KPQVaJk5OypCj0Sv9dIOYpIJGmnCsVMexE+1lWGpGOB0Xu6miCSZD3KcdQyMsqPKy6bFjdGqUAIWxNC/SaKr+7ciwUGokfFMpsB6oRW8i/ud1Uh1eeRmLklTTiMwWhSlHOkaTn6OASUo0HxmCiWTmVkQGWGKiTT5zWyazEy2exkUTjbMYxDJpVivORaV6f16u3+QhFeAYTuAMHLiEOtxBA1wgwOAFXuHNerberQ/rc1a6YuU9RzAH6+sXnbqXhw==</latexit>

d3 = 3
<latexit sha1_base64="nAigv0rncr+O+iC7AAh3kTOUt14=">AAACAnicbVDLTsJAFJ3iC/GFunQzkZi4Ii0SdWNCdOMSE4sk0JDpdAoTptNm5tZIGnbu3eovuDNu/RH/wM9wgC4EPMkkJ+fc1xw/EVyDbX9bhZXVtfWN4mZpa3tnd6+8f9DScaooc2ksYtX2iWaCS+YCB8HaiWIk8gV78Ic3E//hkSnNY3kPo4R5EelLHnJKwEhu0Du7qvfKFbtqT4GXiZOTCsrR7JV/ukFM04hJoIJo3XHsBLyMKOBUsHGpm2qWEDokfdYxVJKIaS+bHjvGJ0YJcBgr8yTgqfq3IyOR1qPIN5URgYFe9Cbif14nhfDSy7hMUmCSzhaFqcAQ48nPccAVoyBGhhCquLkV0wFRhILJZ27LZHYC0dO4ZKJxFoNYJq1a1Tmv1u7qlcZ1HlIRHaFjdIocdIEa6BY1kYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fn1SXiA==</latexit>

d3 = 4
<latexit sha1_base64="PaTofcYxDGo1hh9vPaWOykbYNXM=">AAACAnicbVC7TsMwFHV4lvIqMLJEVEhMVVKeC1IFC2ORSFupjSrHcVqrthPZN4iq6sbOCr/Ahlj5Ef6Az8BpM9CWI1k6Oue+fIKEMw2O820tLa+srq0XNoqbW9s7u6W9/YaOU0WoR2Ieq1aANeVMUg8YcNpKFMUi4LQZDG4zv/lIlWaxfIBhQn2Be5JFjGAwkhd2T6/Pu6WyU3EmsBeJm5MyylHvln46YUxSQSUQjrVuu04C/ggrYITTcbGTappgMsA92jZUYkG1P5ocO7aPjRLaUazMk2BP1L8dIyy0HorAVAoMfT3vZeJ/XjuF6MofMZmkQCWZLopSbkNsZz+3Q6YoAT40BBPFzK026WOFCZh8ZrZksxMQT+OiicadD2KRNKoV96JSvT8r127ykAroEB2hE+SiS1RDd6iOPEQQQy/oFb1Zz9a79WF9TkuXrLznAM3A+voFoO6XiQ==</latexit>

d3 = 5
<latexit sha1_base64="1fF7CK5mRgAo0RPnhoTq975xnYE=">AAACAnicbVDLTsJAFJ3iC/GFunQzkZi4Ii0adGNCdOMSE4sk0JDpdAoTptNm5tZIGnbu3eovuDNu/RH/wM9wgC4EPMkkJ+fc1xw/EVyDbX9bhZXVtfWN4mZpa3tnd6+8f9DScaooc2ksYtX2iWaCS+YCB8HaiWIk8gV78Ic3E//hkSnNY3kPo4R5EelLHnJKwEhu0Du7qvfKFbtqT4GXiZOTCsrR7JV/ukFM04hJoIJo3XHsBLyMKOBUsHGpm2qWEDokfdYxVJKIaS+bHjvGJ0YJcBgr8yTgqfq3IyOR1qPIN5URgYFe9Cbif14nhfDSy7hMUmCSzhaFqcAQ48nPccAVoyBGhhCquLkV0wFRhILJZ27LZHYC0dO4ZKJxFoNYJq1a1alXa3fnlcZ1HlIRHaFjdIocdIEa6BY1kYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fooiXig==</latexit>

d3 = 6

sigir

tkde

toisspe

wsdmcsur

icde

<latexit sha1_base64="jFBZwhbsD8bt1Kq9Wq7pBE6DlY4=">AAACAHicbVC7TsMwFHV4lvIqMLJYVEhMVVIhYKxgYSyCPqQ2qhzHaa3aTmTfIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLBDbjut7Oyura+sVnYKm7v7O7tlw4OmyZONWUNGotYtwNimOCKNYCDYO1EMyIDwVrB8CbzW49MGx6rBxglzJekr3jEKQEr3Yc9t1cquxV3CrxMvJyUUY56r/TTDWOaSqaACmJMx3MT8MdEA6eCTYrd1LCE0CHps46likhm/PH01Ak+tUqIo1jbpwBP1b8dYyKNGcnAVkoCA7PoZeJ/XieF6Mofc5WkwBSdLYpSgSHG2b9xyDWjIEaWEKq5vRXTAdGEgk1nbks2OwH5NCnaaLzFIJZJs1rxLirVu/Ny7ToPqYCO0Qk6Qx66RDV0i+qogSjqoxf0it6cZ+fd+XA+Z6UrTt5zhObgfP0CmVaXAA==</latexit>

d0
<latexit sha1_base64="cTBUoUfAgAYyCmR015ExIlrhdyQ=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIcp7VqO5HtIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxagdYU84kbRhmOG0nimIRcNoKhjeZ33qkSrNYPphRQn2B+5JFjGBjpfuw5/VKZbfiToGWiZeTMuSo90o/3TAmqaDSEI617nhuYvwxVoYRTifFbqppgskQ92nHUokF1f54euoEnVolRFGs7JMGTdW/HWMstB6JwFYKbAZ60cvE/7xOaqIrf8xkkhoqyWxRlHJkYpT9G4VMUWL4yBJMFLO3IjLAChNj05nbks1OjHiaFG003mIQy6RZrXgXlerdebl2nYdUgGM4gTPw4BJqcAt1aACBPrzAK7w5z8678+F8zkpXnLznCObgfP0CmvCXAQ==</latexit>

d1
<latexit sha1_base64="MdeRV7JfFlrQJOcqXUOlIBZpTqY=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIct7VqO5HtIKqoCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCWLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeZ33qkSrNIPphxTH2BB5L1GcHGSvdhr9orld2KOwVaJl5OypCj3iv9dMOIJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10euoEnVolRP1I2ScNmqp/O1IstB6LwFYKbIZ60cvE/7xOYvpXfspknBgqyWxRP+HIRCj7NwqZosTwsSWYKGZvRWSIFSbGpjO3JZsdG/E0KdpovMUglkmzWvEuKtW783LtOg+pAMdwAmfgwSXU4Bbq0AACA3iBV3hznp1358P5nJWuOHnPEczB+foFnIqXAg==</latexit>

d2
<latexit sha1_base64="IVj7OzceLr4E+iGCVR1dT6GO5k0=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiqpKCgLGChbEI+pDaqHIcp7XqOJF9g6iiLuys8AtsiJU/4Q/4DJw2A205kqWjc+7Lx4sF12Db31ZhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6nhEM8ElawIHwTqxYiT0BGt7o5vMbz8ypXkkH2AcMzckA8kDTgkY6d7vn/XLFbtqT4GXiZOTCsrR6Jd/en5Ek5BJoIJo3XXsGNyUKOBUsEmpl2gWEzoiA9Y1VJKQaTednjrBJ0bxcRAp8yTgqfq3IyWh1uPQM5UhgaFe9DLxP6+bQHDlplzGCTBJZ4uCRGCIcPZv7HPFKIixIYQqbm7FdEgUoWDSmduSzY4hfJqUTDTOYhDLpFWrOhfV2t15pX6dh1RER+gYnSIHXaI6ukUN1EQUDdALekVv1rP1bn1Yn7PSgpX3HKI5WF+/niSXAw==</latexit>

d3

5

FCH Construction — Search

How to compute displacements? f(x) = (h(x) + di) mod n



0 1 2 3 4 5 6

<latexit sha1_base64="2i2njevtLC7dOwa2BIhDegi6bL4=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRV1I1QdOOygn1AG8pkMmmHTiZhZiKW0J17t/oL7sStP+If+BlO2ixs64GBwzn3NceLOVPatr+twsrq2vpGcbO0tb2zu1feP2ipKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdZn77kUrFIvGgxzF1QzwQLGAEayM1/f7Ztd0vV+yqPQVaJk5OKpCj0S//9PyIJCEVmnCsVNexY+2mWGpGOJ2UeomiMSYjPKBdQwUOqXLT6bETdGIUHwWRNE9oNFX/dqQ4VGoceqYyxHqoFr1M/M/rJjq4clMm4kRTQWaLgoQjHaHs58hnkhLNx4ZgIpm5FZEhlphok8/clmx2rMOnSclE4ywGsUxatapzUa3dn1fqN3lIRTiCYzgFBy6hDnfQgCYQYPACr/BmPVvv1of1OSstWHnPIczB+voFmOyXhA==</latexit>

d3 = 0
<latexit sha1_base64="uFitxLYKzbkS1e/+n7QZ48Ua8Js=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRV1I1QdOOygn1AG8pkMmmHTiZhZiKW0J17t/oL7sStP+If+BlO2ixs64GBwzn3NceLOVPatr+twsrq2vpGcbO0tb2zu1feP2ipKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdZn77kUrFIvGgxzF1QzwQLGAEayM1/f7ZtdMvV+yqPQVaJk5OKpCj0S//9PyIJCEVmnCsVNexY+2mWGpGOJ2UeomiMSYjPKBdQwUOqXLT6bETdGIUHwWRNE9oNFX/dqQ4VGoceqYyxHqoFr1M/M/rJjq4clMm4kRTQWaLgoQjHaHs58hnkhLNx4ZgIpm5FZEhlphok8/clmx2rMOnSclE4ywGsUxatapzUa3dn1fqN3lIRTiCYzgFBy6hDnfQgCYQYPACr/BmPVvv1of1OSstWHnPIczB+voFmoaXhQ==</latexit>

d3 = 1
<latexit sha1_base64="2RwD1p2hT0lT764SU7GlJIIx9tY=">AAACAnicbVDLTsJAFL3FF+ILdelmIjFxRVo06saE6MYlJhZIoCHT6RQmTKfNzNRICDv3bvUX3Bm3/oh/4Gc4hS4EPMkkJ+fc1xw/4Uxp2/62Ciura+sbxc3S1vbO7l55/6Cp4lQS6pKYx7LtY0U5E9TVTHPaTiTFkc9pyx/eZn7rkUrFYvGgRwn1ItwXLGQEayO5Qe/sutYrV+yqPQVaJk5OKpCj0Sv/dIOYpBEVmnCsVMexE+2NsdSMcDopdVNFE0yGuE87hgocUeWNp8dO0IlRAhTG0jyh0VT92zHGkVKjyDeVEdYDtehl4n9eJ9XhlTdmIkk1FWS2KEw50jHKfo4CJinRfGQIJpKZWxEZYImJNvnMbclmJzp6mpRMNM5iEMukWas6F9Xa/XmlfpOHVIQjOIZTcOAS6nAHDXCBAIMXeIU369l6tz6sz1lpwcp7DmEO1tcvnCCXhg==</latexit>

d3 = 2
<latexit sha1_base64="OB3+H6Lf4imOCLAd8iwn8mOlqhw=">AAACAnicbVDLTsJAFL31ifhCXbqZSExckRaMujEhunGJiQUSaMh0OoUJM20zMzWShp17t/oL7oxbf8Q/8DMcoAsBTzLJyTn3NcdPOFPatr+tldW19Y3NwlZxe2d3b790cNhUcSoJdUnMY9n2saKcRdTVTHPaTiTFwue05Q9vJ37rkUrF4uhBjxLqCdyPWMgI1kZyg17tutYrle2KPQVaJk5OypCj0Sv9dIOYpIJGmnCsVMexE+1lWGpGOB0Xu6miCSZD3KcdQyMsqPKy6bFjdGqUAIWxNC/SaKr+7ciwUGokfFMpsB6oRW8i/ud1Uh1eeRmLklTTiMwWhSlHOkaTn6OASUo0HxmCiWTmVkQGWGKiTT5zWyazEy2exkUTjbMYxDJpVivORaV6f16u3+QhFeAYTuAMHLiEOtxBA1wgwOAFXuHNerberQ/rc1a6YuU9RzAH6+sXnbqXhw==</latexit>

d3 = 3
<latexit sha1_base64="nAigv0rncr+O+iC7AAh3kTOUt14=">AAACAnicbVDLTsJAFJ3iC/GFunQzkZi4Ii0SdWNCdOMSE4sk0JDpdAoTptNm5tZIGnbu3eovuDNu/RH/wM9wgC4EPMkkJ+fc1xw/EVyDbX9bhZXVtfWN4mZpa3tnd6+8f9DScaooc2ksYtX2iWaCS+YCB8HaiWIk8gV78Ic3E//hkSnNY3kPo4R5EelLHnJKwEhu0Du7qvfKFbtqT4GXiZOTCsrR7JV/ukFM04hJoIJo3XHsBLyMKOBUsHGpm2qWEDokfdYxVJKIaS+bHjvGJ0YJcBgr8yTgqfq3IyOR1qPIN5URgYFe9Cbif14nhfDSy7hMUmCSzhaFqcAQ48nPccAVoyBGhhCquLkV0wFRhILJZ27LZHYC0dO4ZKJxFoNYJq1a1Tmv1u7qlcZ1HlIRHaFjdIocdIEa6BY1kYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fn1SXiA==</latexit>

d3 = 4
<latexit sha1_base64="PaTofcYxDGo1hh9vPaWOykbYNXM=">AAACAnicbVC7TsMwFHV4lvIqMLJEVEhMVVKeC1IFC2ORSFupjSrHcVqrthPZN4iq6sbOCr/Ahlj5Ef6Az8BpM9CWI1k6Oue+fIKEMw2O820tLa+srq0XNoqbW9s7u6W9/YaOU0WoR2Ieq1aANeVMUg8YcNpKFMUi4LQZDG4zv/lIlWaxfIBhQn2Be5JFjGAwkhd2T6/Pu6WyU3EmsBeJm5MyylHvln46YUxSQSUQjrVuu04C/ggrYITTcbGTappgMsA92jZUYkG1P5ocO7aPjRLaUazMk2BP1L8dIyy0HorAVAoMfT3vZeJ/XjuF6MofMZmkQCWZLopSbkNsZz+3Q6YoAT40BBPFzK026WOFCZh8ZrZksxMQT+OiicadD2KRNKoV96JSvT8r127ykAroEB2hE+SiS1RDd6iOPEQQQy/oFb1Zz9a79WF9TkuXrLznAM3A+voFoO6XiQ==</latexit>

d3 = 5
<latexit sha1_base64="1fF7CK5mRgAo0RPnhoTq975xnYE=">AAACAnicbVDLTsJAFJ3iC/GFunQzkZi4Ii0adGNCdOMSE4sk0JDpdAoTptNm5tZIGnbu3eovuDNu/RH/wM9wgC4EPMkkJ+fc1xw/EVyDbX9bhZXVtfWN4mZpa3tnd6+8f9DScaooc2ksYtX2iWaCS+YCB8HaiWIk8gV78Ic3E//hkSnNY3kPo4R5EelLHnJKwEhu0Du7qvfKFbtqT4GXiZOTCsrR7JV/ukFM04hJoIJo3XHsBLyMKOBUsHGpm2qWEDokfdYxVJKIaS+bHjvGJ0YJcBgr8yTgqfq3IyOR1qPIN5URgYFe9Cbif14nhfDSy7hMUmCSzhaFqcAQ48nPccAVoyBGhhCquLkV0wFRhILJZ27LZHYC0dO4ZKJxFoNYJq1a1alXa3fnlcZ1HlIRHaFjdIocdIEa6BY1kYso4ugFvaI369l6tz6sz1lpwcp7DtEcrK9fooiXig==</latexit>

d3 = 6

sigir

tkde

toisspe

wsdmcsur

icde

<latexit sha1_base64="jFBZwhbsD8bt1Kq9Wq7pBE6DlY4=">AAACAHicbVC7TsMwFHV4lvIqMLJYVEhMVVIhYKxgYSyCPqQ2qhzHaa3aTmTfIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLBDbjut7Oyura+sVnYKm7v7O7tlw4OmyZONWUNGotYtwNimOCKNYCDYO1EMyIDwVrB8CbzW49MGx6rBxglzJekr3jEKQEr3Yc9t1cquxV3CrxMvJyUUY56r/TTDWOaSqaACmJMx3MT8MdEA6eCTYrd1LCE0CHps46likhm/PH01Ak+tUqIo1jbpwBP1b8dYyKNGcnAVkoCA7PoZeJ/XieF6Mofc5WkwBSdLYpSgSHG2b9xyDWjIEaWEKq5vRXTAdGEgk1nbks2OwH5NCnaaLzFIJZJs1rxLirVu/Ny7ToPqYCO0Qk6Qx66RDV0i+qogSjqoxf0it6cZ+fd+XA+Z6UrTt5zhObgfP0CmVaXAA==</latexit>

d0
<latexit sha1_base64="cTBUoUfAgAYyCmR015ExIlrhdyQ=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIcp7VqO5HtIKqqCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCRLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxagdYU84kbRhmOG0nimIRcNoKhjeZ33qkSrNYPphRQn2B+5JFjGBjpfuw5/VKZbfiToGWiZeTMuSo90o/3TAmqaDSEI617nhuYvwxVoYRTifFbqppgskQ92nHUokF1f54euoEnVolRFGs7JMGTdW/HWMstB6JwFYKbAZ60cvE/7xOaqIrf8xkkhoqyWxRlHJkYpT9G4VMUWL4yBJMFLO3IjLAChNj05nbks1OjHiaFG003mIQy6RZrXgXlerdebl2nYdUgGM4gTPw4BJqcAt1aACBPrzAK7w5z8678+F8zkpXnLznCObgfP0CmvCXAQ==</latexit>

d1
<latexit sha1_base64="MdeRV7JfFlrQJOcqXUOlIBZpTqY=">AAACAHicbVC7TsMwFL3hWcqrwMhiUSExVUmFgLGChbEI+pDaqHIct7VqO5HtIKqoCzsr/AIbYuVP+AM+A6fNQFuOZOnonPvyCWLOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeZ33qkSrNIPphxTH2BB5L1GcHGSvdhr9orld2KOwVaJl5OypCj3iv9dMOIJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10euoEnVolRP1I2ScNmqp/O1IstB6LwFYKbIZ60cvE/7xOYvpXfspknBgqyWxRP+HIRCj7NwqZosTwsSWYKGZvRWSIFSbGpjO3JZsdG/E0KdpovMUglkmzWvEuKtW783LtOg+pAMdwAmfgwSXU4Bbq0AACA3iBV3hznp1358P5nJWuOHnPEczB+foFnIqXAg==</latexit>

d2
<latexit sha1_base64="IVj7OzceLr4E+iGCVR1dT6GO5k0=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiqpKCgLGChbEI+pDaqHIcp7XqOJF9g6iiLuys8AtsiJU/4Q/4DJw2A205kqWjc+7Lx4sF12Db31ZhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6nhEM8ElawIHwTqxYiT0BGt7o5vMbz8ypXkkH2AcMzckA8kDTgkY6d7vn/XLFbtqT4GXiZOTCsrR6Jd/en5Ek5BJoIJo3XXsGNyUKOBUsEmpl2gWEzoiA9Y1VJKQaTednjrBJ0bxcRAp8yTgqfq3IyWh1uPQM5UhgaFe9DLxP6+bQHDlplzGCTBJZ4uCRGCIcPZv7HPFKIixIYQqbm7FdEgUoWDSmduSzY4hfJqUTDTOYhDLpFWrOhfV2t15pX6dh1RER+gYnSIHXaI6ukUN1EQUDdALekVv1rP1bn1Yn7PSgpX3HKI5WF+/niSXAw==</latexit>

d3

5

FCH Construction — Search

How to compute displacements? f(x) = (h(x) + di) mod n

5 5



FCH Construction — Remarks

• To guarantee that all positions in the table are tested with uniform probability, 
displacements have to be tried at random: the best we can hope for is 

 bits per bucket. 
For  buckets, it costs  total bits. Large space for large . 

• Up to  trials to “fit” a pattern. 
If a successful displacement is not found for a bucket: rehash. 
Slow for small . 
 

• Extremely fast lookup.

⌈log2 n⌉
⌈cn/log2 n⌉ cn c

n

c
Example. For  64-bit random keys and , FCH takes 1h 10m. 
SPOILER (!): other techniques can do the same in 1m or less.

108 c = 3.0



Our Research Question

Is it possible to combine the lookup efficiency of FCH with fast construction 
on large datasets and good compression effectiveness? 



PTHash — Intuition

• If the table of displacements were compressible, we could afford to use a 
parameter  and run the search faster, such that the size of the 
compressed table is  bits.


• Now, how to achieve compression? Re-design the search step.

c′ > c
≈ cn



PTHash — From Displacements to Pilots

                f(x) = (h(x) + di) mod n f(x) = (h(x) ⊕ h(ki)) mod n
FCH PTHash

Pilot for -th bucket.i



PTHash — From Displacements to Pilots

• The bitwise XOR between two random fingerprints is another random 
fingerprint  displacement of keys at random.


• New random patterns generated with every tried pilot, even when pilots 
are tried in order, that is: 
     

→

ki = 0,1,2,3,…

Pilots will be small on average and repetitive, hence compressible.

                f(x) = (h(x) + di) mod n f(x) = (h(x) ⊕ h(ki)) mod n
FCH PTHash

Pilot for -th bucket.i



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0

h(x) = 0001100101011101111001010000111111010101110001101111011100011011 57.8%



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0

h(x) = 0001100101011101111001010000111111010101110001101111011100011011 57.8%
1001010000110011110100010111001011011000001110010011111001000011h(ki) = 48.4%



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0

h(x) = 0001100101011101111001010000111111010101110001101111011100011011 57.8%
1001010000110011110100010111001011011000001110010011111001000011h(ki) = 48.4%

h(x) ⊕ h(ki) = 1000110101101110001101000111110100001101111111111100100101011000 56.2%



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0

h(x) = 0001100101011101111001010000111111010101110001101111011100011011 57.8%
1001010000110011110100010111001011011000001110010011111001000011h(ki) = 48.4%

h(x) ⊕ h(ki) = 1000110101101110001101000111110100001101111111111100100101011000 56.2%

mod 24



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0

h(x) = 0001100101011101111001010000111111010101110001101111011100011011 57.8%
1001010000110011110100010111001011011000001110010011111001000011h(ki) = 48.4%

h(x) ⊕ h(ki) = 1000110101101110001101000111110100001101111111111100100101011000 56.2%

mod 24

1

0101110001011100001010011001111010001001001011110100010000101001 45.3%
0100010100000001110011001001000101011100111010011011001100110010 43.7%



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0

h(x) = 0001100101011101111001010000111111010101110001101111011100011011 57.8%
1001010000110011110100010111001011011000001110010011111001000011h(ki) = 48.4%

h(x) ⊕ h(ki) = 1000110101101110001101000111110100001101111111111100100101011000 56.2%

mod 24

1

0101110001011100001010011001111010001001001011110100010000101001 45.3%
0100010100000001110011001001000101011100111010011011001100110010 43.7%

2

0010000010110011111110001111110101001000010110110011101101101010 53.1%
0011100111101110000111011111001010011101100111011100110001110001 57.8%



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0

h(x) = 0001100101011101111001010000111111010101110001101111011100011011 57.8%
1001010000110011110100010111001011011000001110010011111001000011h(ki) = 48.4%

h(x) ⊕ h(ki) = 1000110101101110001101000111110100001101111111111100100101011000 56.2%

mod 24

1

0101110001011100001010011001111010001001001011110100010000101001 45.3%
0100010100000001110011001001000101011100111010011011001100110010 43.7%

2

0010000010110011111110001111110101001000010110110011101101101010 53.1%
0011100111101110000111011111001010011101100111011100110001110001 57.8%

3

0111110010000101100011000110101000010110011101111101010001011001 50.0%
0110010111011000011010010110010111000011101100010010001101000010 43.3%



PTHash — From Displacements to Pilots

ki =
x = “A View From the Top of the World”

0 1 2 3 4 5 6 7 8 9 1011 1213 141516171819 20212223

n = 24

0

h(x) = 0001100101011101111001010000111111010101110001101111011100011011 57.8%
1001010000110011110100010111001011011000001110010011111001000011h(ki) = 48.4%

h(x) ⊕ h(ki) = 1000110101101110001101000111110100001101111111111100100101011000 56.2%

mod 24

1

0101110001011100001010011001111010001001001011110100010000101001 45.3%
0100010100000001110011001001000101011100111010011011001100110010 43.7%

2

0010000010110011111110001111110101001000010110110011101101101010 53.1%
0011100111101110000111011111001010011101100111011100110001110001 57.8%

3

0111110010000101100011000110101000010110011101111101010001011001 50.0%
0110010111011000011010010110010111000011101100010010001101000010 43.3%

4

0000100111101110010111000100000111111011100100100010010000100100 43.8%
0001000010110011101110010100111000101110010101001101001100111111 51.6%



PTHash — From Displacements to Pilots

 keys,  (  buckets)n = 106 c = 3.5 1.76 × 105 Empirical entropy of the tables, for  keys n = 106



PTHash — Limiting the Load Factor

• Allocate a search space of  slots, .


• More slots: faster search and smaller pilots.

n/α 0 < α ≤ 1

(Technically, this is a perfect hash function: need to re-rank some positions to 
guarantee minimal output. See the paper for details.)



PTHash — Example

• For  64-bit random keys and  (3 bits/key), FCH takes 1h 10m.


• PTHash with , , and Front-Back Dictionary-based 
compression achieves the same space (3 bits/key) but builds in 37s (114 ).


• Both functions evaluate in 35 — 37 nanosec/key.

108 c = 3.0

α = 0.99 c = 6.8
×



Benchmark with 1B 
64-bit random keys

• Processor: Intel i9-9900K @ 3.6 GHz, 
32 KiB of L1, 256 KiB of L2 cache


• OS: Ubuntu 20


• Compiler: gcc 9.2.1, with flags -march=native -O3

• construction in internal memory


• construction is single-threaded

(A part of) Table 5 from [1].



Benchmark with 1B 
64-bit random keys

• Processor: Intel i9-9900K @ 3.6 GHz, 
32 KiB of L1, 256 KiB of L2 cache


• OS: Ubuntu 20


• Compiler: gcc 9.2.1, with flags -march=native -O3

• construction in internal memory


• construction is single-threaded

(A part of) Table 5 from [1].



Benchmark with 
string collections

• construction in 
external memory 

• construction is 
multi-threaded

(A part of) Table 5 from [2].

Dataset Number of strings



Conclusions

• PTHash combines good space effectiveness and fast construction with the 
excellent lookup performance of FCH.


• PTHash can be tuned to consume space similar to another method and, 
yet, it provides remarkably better lookup performance, with feasible or 
better construction speed.

• Flexibility: minimal and non-minimal perfect hash functions

• Space/Time Efficiency: fast lookup within compressed space

• External-Memory Scaling: use disk if not enough RAM is available

• Parallel Construction: use more threads to speed up construction 
• Configurable: can offer different trade-offs

• C++ code available at: https://github.com/jermp/pthash

https://github.com/jermp/pthash


References

 

1. Giulio Ermanno Pibiri and Roberto Trani. "PTHash: Revisiting FCH Minimal 
Perfect Hashing". In Proceedings of the 44th International Conference on 
Research and Development in Information Retrieval (SIGIR). 2021.


2. Giulio Ermanno Pibiri and Roberto Trani. "Parallel and External-Memory 
Construction of Minimal Perfect Hash Functions with PTHash". ArXiv. 2021.

https://arxiv.org/abs/2106.02350
https://arxiv.org/abs/2104.10402
https://arxiv.org/abs/2104.10402
https://arxiv.org/abs/2104.10402
https://arxiv.org/abs/2104.10402
https://arxiv.org/abs/2106.02350
https://arxiv.org/abs/2106.02350
https://arxiv.org/abs/2106.02350

